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0. Introduction
The following result on the exponential decay of the eigenfunctions for
the Dirichlet Laplacian in hornshaped regions is proved in R. Ban~ uelos
and B. Davis [5], [6].
Theorem A. Let %: (0, )  (0, 1] be continuous and define
D%=[(x, y): x>0, &%(x)<y<%(x)].
Suppose %(x) a 0 as x A  and let .* be any L2-eigenfunction for the
Dirichlet Laplacian in D% with eigenvalue *. Then for any =>0,
|
D%
|.*(x, y)| 2 e(4&=)?4 0
x :*(s)ds dx dy<, (0.1)
where
:*(s)=max \\ 1%2(s)&
4*
?2+ , 0+ .
If in addition % # L1(dx) then we may take ==0. However, in general = can-
not be taken to be 0.
The purpose of this paper is to prove a version of Theorem A for more
general simply connected domains in the plane. Before we state this
precisely we introduce some notation. If 0 is a simply connected domain
in the plane and z # 0, we define the density of the hyperbolic metric at z
by _0(z)=1|F $(0)| where F is a conformal mapping sending the unit disc,
henceforth denoted by D, onto 0 with F(0)=z. Equivalently, _0(z)=|G$(z)|
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where G : 0  D conformally with G(z)=0. If z0 , z # 0, we define the
hyperbolic distance between z0 and z by
\0(z0 , z)=inf
# {|
1
0
_0(#(t)) |#$(t)| dt= , (0.2)
where the infimum is taken over all rectifiable curves # contained in 0 with
#(0)=z0 , #(1)=z.
Next, we denote by P0t (z, w), t>0, z, w # 0, the heat kernel for the
Dirichlet Laplacian in 0. We assume that 0 has a positive eigenfunction .1
in L2(dz) with corresponding eigenvalue *1 . Following E. B. Davies and B.
Simon [10], we say that 0 is intrinsically ultracontractive, which we write
as IU, if the Markovian semigroup in L2(.21 dz) with integral kernel
P t (z, w)=
e*1 tP0t (z, w)
.1(z) .1(w)
(0.3)
maps L2(.21dz) into L
(.21dz) for all t>0. There are many equivalent for-
mulations of IU including the following proved in Davies and Simon [10]:
There exists constants at and bt not depending on z and w such that,
at e&*1 t.1(z) .1(w)P0t (z, w)bte
&*1t.1(z) .1(w) (0.4)
for all t>0, z, w # 0.
An important consequence of (0.4) for us in this paper will be the fact
that for every '>0 there is a t(') such that
(1&') e&*1t.1(z) .(w)P0t (z, w)(1+') e
&*1 t.1(z) .1(w) (0.5)
for all t>t(') and all z, w # 0; (see Davies [9, Theorem 4.2.5]).
The property IU has been extensively studied in recent years by many
authors. We refer the reader to Ban~ uelos [1] and Ban~ uelos and Davis [7]
as well as the references given there. In particular it is proved in Ban~ uelos
[1] (Corollary 3.2) that if 0 is simply connected in the plane and
\0(z0 , z)c1d0(z) &;+c2 where 0<;<2, z0 is a fixed point in 0 and
d0(z) is, here and for the rest of the paper, the euclidean distance from z
to 0, then 0 is IU. Such domains include domains of infinite area. Also,
in Ban~ uelos and Davis [7] a geometric characterization is given for simply
connected planar domains whose boundary is given by the graph of a func-
tion to be IU. (See [7], Theorem 3 for the precise statement of what we
mean by ``boundary given by a graph''.) This class also includes domains
of infinite area. Finally we remind the reader that if 0 is IU then the
Dirichlet Laplacian has discrete spectrum in L2(0), (Davies and Simon
[10]). We denote the eigenvalues by *1 , *2 , ... and the corresponding
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eigenfunctions by .1 , .2 , ..., which we take to be normalized by L2-norm
1. With bt as in (0.4) we set
bn=inf[bte(*n&*1)t : 0<t<]. (0.6)
Theorem 1. Let 0 be a simply connected domain in the plane which is
IU. Let t0 be the constant corresponding to '=12 in (0.5). Then,
(i) For all =>0,
sup
z0 # 0 { |.n(z0)|
2 |
0
e(4&=) \0(z0 ,z) |.n(z)| 2 dz=
c0*1e2*1 t0b2n {|
1
0
r[log(coth(r))]2 dr
+(2?)1&=2 |

0
r[log(coth(r))]=2 dr=<,
where bn is the constant in (0.6) and c0 is a universal constant.
(ii) If area(0)<, we may take ==0 and
sup
z0 # 0 { |.n(z0)|
2 |
0
e4\0 (z0 , z)|.n(z)| 2 dz=
c0*21e
2*1 t0b2n[1*1+area(0)]<.
(iii) If area(0)=, then for any z0 # 0,
|
0
e4\0 (z0 ,z)(.1(z))2 dz=.
Theorem 1 was motivated by Theorem A and the fact that
|
x
1
:*(s) dst|
x
1
ds
%(s)
, as x  , (0.7)
and that for suitable % 's, (W. Hayman [12, 98.6.3]),
\D# ((1, 0), (x, 0))t?4 |
x
1
ds
%(s)
, as x  . (0.8)
We should also note that, (Ban~ uelos and Davis [7]), if %(x) a 0 as x A ,
D% is IU if and only if % # L1 or equivalently, if and only if D% has finite
area.
The following corollary is an easy consequence of (0.5) and Theorem 1.
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Corollary 1. Let 0 be a simply connected domain in the plane which
is IU. Then for any =>0,
sup
z0 # 0 {(.1(z0))
2 |
0
e(4&=) \0 (z0 , z)P0t (z, z) dz=< (0.9)
and
sup
z0 # 0
|
0
e(4&=) \0 (z0 , z)(P0t (z0 , z))
2 dz<, (0.10)
for all t>0. If the area of 0 is finite we may take ==0 but if the area of
0 is infinite, both integrals above are infinite for ==0 and any z0 # 0.
The following is a weaker version of Theorem 1 which replaces the
assumption of IU with that of finite area only. We remind the reader that,
as shown in Ban~ uelos and Davis [8], there are simply connected planar
domains of finite area which are not IU.
Theorem 2. Let 0 be a simply connected domain in the plane of finite
area. Fix z0 # D. Then
(i) |
0
e4\0 (z0 ,z)(.1(z))2 dz<.
(ii) There are bounded simply connected domains in the plane for
which
|
0
e(4+=) \0(z0 ,z)(.1(z))2 dz=
for every =>0.
It is also possible to prove a version of the above results under very
weak conditions on 0 if we are willing to give up the sharpness. Indeed, for
any positive constant c set
_c0(z)=- max((_20(z)&c), 0)
and
\c0(z0 , z)=inf
# {|
1
0
_c0(#(t)) |#$(t)| dt= ,
the infimum taken over all curves # in 0 with #(0)=z0 , #(1)=z.
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Theorem 3. Suppose 0 is a simply connected domain in the complex
plane with the property that lim|z|   d0(z)=0. Then for all =>0,
|
0
e(1&=)\0
*n (z0 , z) |.n(z)| 2 dz<. (0.11)
We remark that the condition lim|z|   d0(z)=0 guarantees that the
Dirichlet Laplacian has discrete spectrum in L2(0) by Davies [9, p. 39].
Next we prove a generalization of a recent result of M. L. Lapidus and
M. H. Pang [13] concerning gradient estimates for eigenfunctions in
simply connected John domains in the plane. First, let D be a domain in
Rm, m2, and fix a point z0 # D. We say that D is a John domain if for
all z1 # D there is a rectifiable curve # contained in D and joining z0 to z1
such that for any z # #, the length of the part of the curve # joining z to
z1 is dominated by a universal constant times dD (z). Such domains are
extensions of Lipschitz, NTA and BMO domains, (see Ban~ uelos [1] for
definitions), and they have played an important role in the study of quasi-
conformal mappings in Rm. In [13], Lapidus and Pang employed techniques
from conformal mapping to prove that if D is a John domain in R2, then
|{.n(z)|cn .(z)dD(z) (0.12)
for all z # D.
By the results in Ban~ uelos [1], any John domain D in Rm, for any m2,
is IU. Our result is the following,
Theorem 4. Let D be a domain in Rm, m2, which is IU. Then
|{.n(z)|c1(1+*n) bn .1(z)dD(z), (0.13)
for all z # D where bn is the constant in (0.6) and c1 is a constant depending
only on m.
Lapidus and Pang [13, Theorem 2.11] also proved that for certain
simply connected planar domains 0,
|{.1(z)|c.1(z)d0(z), (0.14)
for z remaining inside a ``twisted'' cone.
The paper is organized as follows. In 91, we state and prove some lemmas.
In 92, we present the proofs of Theorems 1, 2, 3 and 4. The paper ends with
a remark and two corollaries concerning Lp-versions of the above results.
Throughout the paper the notation c, c0 , c1 , ... will be used to denote
universal constants whose values may not be the same at each occurrence.
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1. Some Lemmas
If D is a Greenian domain in Rm, m2, we will denote its Green's func-
tion by GD(z, w). We will make frequent use throughout this paper of the
conformal invariance of the hyperbolic metric and Green's function for
simply connected regions in the plane as well as the explicit formulas of
these quantities for the unit disc. The reader unfamiliar with the basics of
hyperbolic geometry can find everything we use in Hayman [12, Chap. 9].
The following lemma and its proof are motivated by the results in Ban~ uelos
and Carroll [3].
Lemma 1. Let 0 be a simply connected domain in the complex plane with
the property that sup[d0(z) : z # 0]=R0<. Then for all 0<p<,
sup
z0 # 0
|
0
(G0(z0 , z)) p dz
16R20
(2?) p&1 |

0
r[log(coth(r))] p dr<. (1.1)
Proof. The case p=1 of this lemma is proved in [3]. Here we follow
the same proof. Recall that D denotes the unit disc and that
GD(0, w)=
1
2?
log
1
|w|
and
\D(0, w)=
1
2
log \1+|w|1&|w|+ ,
by Hayman [12, p. 685]. Solving for |w| in terms of \D(0, w) we find that
GD(0, w)=
1
2?
log \1+e
&2\D(0, w)
1&e &2\D(0, w)+ . (1.2)
The formula (1.2) and the conformal invariance of both the Green's func-
tion and the hyperbolic distance gives
G0(z0 , z)=
1
2?
log[coth(\0(z0 , z))]. (1.3)
Next recall that _0(z)=1|F $(0)| where F is a conformal mapping
sending D onto 0 with F(0)=z. By the Koebe one quarter theorem,
|F $(0)|4d0(F(0))=4d0(z)4R0 . Therefore
inf[_0(z) : z # 0]
1
4R0
.
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This gives
\0(z0 , z)=inf
# {|
1
0
_0(#(t))| #$(t)| dt= 14R0 inf# [l(#)] (1.4)
where the infimum is over all curves # in 0 with #(0)=z0 , #(1)=z and l (#)
is the euclidean length of #. Since l (#)|z0&z| we have
\0(z0 , z)
1
4R0
|z0&z|. (1.5)
Thus,
G0(z0 , z)
1
2?
log \coth \ |z0&z|4R0 ++ .
Changing to polar coordinates we find that
|
0
G0(z0 , z) p dz\ 12?+
p
|
0 _log \coth \
|z0&z|
4R0 ++&
p
dz

1
(2?) p&1 |

0
r _log \coth \ r4R0++&
p
dr
=
16R20
(2?) p&1 |

0
r[log(coth(r))] p dr.
It remains to prove the finiteness of the last integral. Since for r1,
log \1+e
&2r
1&e&2r+ce&2r,
we see that
|

1
r[log(coth(r)] p dr<.
To prove the integral from 0 to 1 is also finite it is enough, by Ho lder's
inequality, to prove that
|
1
0
r[log(coth(r)] j dr< (1.6)
for any positive integer j. However, a simple application of L'Hospital rule
shows that the integrand in (1.6) remains bounded as r  0. Thus (1.6) is
true and Lemma 1.1 is proved.
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Next, we need two lemmas which are easy consequences of IU and which
can be found in Davies [9, Chap. 4]. We indicate some of the proofs for
the convenience of the reader.
Lemma 1.2. Let D be a domain in Rm, m2, which is IU. Then
|.n(z)|bn .1(z), for any z # D, (1.7)
where bn=inf[bte(*n&*1) t; 0<t<] (the constant in (0.6)) and bt is the
constant appearing on the right hand side of (0.4).
Proof. This follows from the formula
.n(z)=e*nt |
D
PDt (z, w) .n(w) dw
after taking absolute values, using (0.4) and applying the CauchySchwarz
inequality together with &.n&2=1 for all n.
If we take '=12 in (0.5) and use the fact that
GD(z, w)=|

0
PDt (z, w) dt
we immediately obtain
Lemma 1.3. If D is IU, then
GD(z, w)
1
2*1
e&*1 t(12).1(z) .1(w) (1.8)
for all z, w # D.
Our next goal is to obtain an upper bound for GD(z, w) similar to the
lower bound (1.8) under the assumption that the points z and w are far
away from each other. To make this precise we introduce the quasi-hyper-
bolic distance defined for any domain. Let D be a domain in Rm, m2,
and let W(D)=[Qj] be a Whitney decomposition of D. This is a collection
of squares in D with disjoint interiors whose union is D and with the
property that 1d(Qj , D)l (Qj)4- 2 for all j, where l (Qj) is the
edge length of Qj and d(Qj , D) is the euclidean distance from Qj to the
boundary D of D. This property implies that whenever Qj & Qk{0, then
l (Qj) is comparable to l (Qk) with constant independent of the cubes. If Q0
and Qk # W(D), we say that Q0  Q1  } } }  Qr=Qk is a Whitney chain
connecting Q0 to Qk if Qi # W(D) for all i and Qi & Qi+1 {0, 0i<r. The
Whitney distance between Q0 and Qk , dD(Q0 , Qk), is the length of the shortest
Whitney chain connecting Q0 to Qk . If z0 , z1 # D, we define the quasi-
hyperbolic distance to be dD(z0 , z1)=dD(Q0 , Q1), where z0 # Q0 , z1 # Q1 .
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If 0 is a simply connected in the plane and F is a conformal map sending
D onto 0 with F(0)=z, then the distorsion theorem gives
d0(z)|F $(0)|4d0(z) (1.9)
and therefore
\0(z0 , z)\~ 0(z0 , z)4\0(z0 , z) (1.10)
where
\~ 0(z0 , z)=inf
# {|
1
0
|#$(t)|
d0(#(t))
dt= . (1.11)
As before, the infimum is over all curves # in 0 from z0 to z. It follows from
(1.11) and the properties of the Whitney cubes, (the fact that d(Q, 0) is
proportional to l (Q)), that there are constants c1 , c2 and c3 such that,
c1\0(z0 , z)&c2d0(z0 , z)c3\0(z0 , z). (1.12)
Lemma 1.4. Let D be a domain in Rm, m2, which is IU. Fix
Q0 # W(D) and let z0 be the center of Q0 . Let t0=t(12) be the constant in
(0.5) corresponding to '=12. Then for all z # D with dD(z0 , z)5,
2
3
*1e&t0*1 \|B(0, 1) PB(0, 1)4t0 l02 (0, w) dw+ GD(z0 , z).1(z0) .1(z),
where B(0, 1) denotes the ball in Rm centered at 0 and radius 1.
Proof. By (0.5),
|

t0
PDt (z0 , z) dt
3
2
.1(z0) .1(z) |

t0
e&*1 t dt
=
3
2*1
e&*1 t0 .1(z0) .1(z). (1.13)
On the other hand, changing variables in t and using the semigroup
property of the heat kernel we have,
|

t0
P0t (z0 , z) dt=|

0
PDt+t0 (z0 , z) dt
=|

0
|
D
PDt (z, w) Pt0(z0 , w) dw dt
=|
D
PDt0(z0 , w) GD(z, w) dw. (1.14)
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Let B(z0 , l0 2) be the ball centered at z0 and radius l0 2. By domain
monotonicity of the heat kernel,
|
D
PDt0(z0 , w) GD(z, w) dw|
B(z0 , l0 2)
PB(z0 , l0 2)t0 (z0 , w) GD(z, w) dw. (1.15)
By scaling and the radial property of the heat kernel for the ball,
PB(z0 , l0 2)t0 (z0 , w)=P
B(0, 1)
4t0 l0
2 \0, 2 |z0&w|l0 + , w # B(z0 , l0 2).
Substituting this in (1.15), changing to polar coordinates and using the fact
that for z with dD(z, z0)5 the function u(w)=GD(z, w) is harmonic in
B(z0 , l0 2), we find that the right hand side of (1.15) equals,
\|B(0, 1) PB(0, 1)4t0 l20 (0, w) dw+ GD(z0 , z). (1.16)
This together with (1.13) and (1.14) proves the Lemma.
Remark 1.1. It is easy (easier!) to show that for any domain D in Rm,
GD(z0 , z)c(z0) .1(z), (1.17)
where c(z0) is a constant depending on z0 for z0 and z as in Lemma 1.4.
Indeed,
.1(z)=*1 |
D
GD(z, w) .1(w) dw
*1 |
B(z0 , l0 2)
GD(z, w) .1(w) dw.
By the Harnack inequality, .1(w)c.1(z0) for all w # B(z0 , l0 2) and
therefore
.1(z)c1*1 lm0 .1(z0) GD(z0 , z)
c2*1(dD(z0))m .1(z0) GD(z0 , z),
where c1 and c2 are constants depending on m.
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2. Proof of Theorems 14
Proof of Theorem 1. Let us first recall that if z # 0 then the domain
monotonicity of the eigenvalue *1 gives
*1j 20 d
2
0(z) (2.1)
where j 20 r5.783 . . . is the lowest eigenvalue for the unit disc. Thus by (2.1),
R0=sup[d0(z) : z # 0]j0- *1. (2.2)
We now apply Lemmas 1.2 and 1.3 to obtain
|.n(z0)| 2 |
0
e(4&=) \0(z0 , z) |.n(z)| 2 dz
4*21e
2*1 t0 b 2n |
0
e(4&=) \0(z0 , z)(G0(z, z0))2 dz. (2.3)
The formula (1.3) for G0 in terms of \0 gives
G0(z0 , z)ce&2\0(z0 ,z), \0(z0 , z)1. (2.4)
Hence,
|
[ \0(z0 , z)1]
e(4&=)\0(z0 ,z)(G0(z0 , z))2 dz
c |
[ \0(z0 , z)1]
(G0(z0 , z))=2 dz

cj 20
*1
(2?)1&=2 |

0
r[log(coth(r))]=2 dr, (2.5)
where the last inequality follows by Lemma 1.1 and inequality (2.2).
By (1.5)
\0(z0 , z)1 O |z0&z|4R0 .
Therefore,
|
[ \0(z0 , z)1]
e(4&=) \0(z0 , z)(G0(z0 , z))2 dz
e4 |
[ \0(z0 , z)1]
(G0(z0 , z))2 dz

e4
(2?)2 |[ |z&z0 $4R0] _log \coth \
|z&z0 |
4R0 ++&
2
dz
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=
8e4
?
R 20 |
1
0
r[log(coth(r))]2 dr

8e4
?
j 20
*1 |
1
0
r[log(coth(r))]2 dr. (2.6)
We get (i) of Theorem 1 from (2.3), (2.5) and (2.6).
If the area of 0 is finite we may take ==0 in (2.5) and obtain from the
second inequality,
|
[ \0(z0 , z)1]
e4\0(z0 , z)(G0(z0 , z))2 dzc area(0). (2.7)
and part (ii) of Theorem 1 follows.
For (iii), let z0 # 0 and let Q0 be the Whitney cube containing z0 and
with length l0 . By the equivalence (1.3) of \0 and d0 , we see that |\0(z0 , z)
&\0(z~ , z)|constant, for any other point z~ # Q0 . Therefore we may
assume that z0 is the center of Q0 . Again by the equivalence of \0 and d0
and Lemma 1.4, there is a constant c0 such that
G0(z0 , z)c(*1 , t0 , l0) .1(z0) .1(z), (2.8)
for all \0z0 , z)c0 . It follows as above that
(.1(z0))2 |
0
e4\0(z0 , z)(.1(z))2 dz
c(*, t0 , l0) |
[ \0(z0 , z)c0]
e4\0(z0 , z)(G0(z0 , z))2 dz
c(*, t0 , *0) |
[ \0(z0 , z)c0]
e4\0(z0 , z)e&4\0(z0 ,z) dz
=c(*, t0 , l0) area[z : \0(z0 , z)c0], (2.9)
where we have used again the formula for G0 in terms of \0 . By (1.5)
again,
area[z : \0(z0 , z)<c0]area[z : |z0&z|4c0 j0 - *1]
=16c 20 j
2
0 *1<.
Therefore if area(0)= we must have
area[z : \0(z0 , z)c0]=
and part (iii), hence Theorem 1, is proved.
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Proof of Theorem 2. The proof of part (i) of this theorem is very
similar to the proof of part (i) of Theorem 1 except that we use (1.17) and
Lemma 1.2 from Ban~ uelos and Davis [8] which says that for any 0 of
finite area (simply connected or not) and z0 # 0 fixed there is a constant
c(z0 , 0) such that for all z # 0,
.1(z)c(z0 , 0) G0(z0 , z). (2.10)
With (2.10) we continue as in the proof of Theorem 1 to show that
|
0
e4\0(z0 , z)(.1(z))2 dze4c2(z0 , 0) |
[z : \0(z0 , z)1]
G0(z0 , z))2 dz
+c0c 2(z0 , 0) area[z : \0(z0 , z)>1]<,
where again we used
G0(z0 , z)ce&2\0(z0 , z), \(z0 , z)>1.
For (ii), suppose there is an =>0, which may assume to be small, such that
|
0
e(4+=) \0(z0 ,z)(.1(z))2 dz<. 2.11)
Then the argument of Theorem 1, (ii), and (1.17) give that
|
0
e=\0(z0 , z)dz<. (2.12)
There are many bounded simply connected domains for which (2.12) does
not hold for any =>0. For example, it is easy to construct bounded simply
connected domains, (even of the form [(x, y) : 0<x<1, %(x)<y<1], %
nonpositive uppersemicontinuous), for which \0(z0 , z)t1d0(z). Using
this and the equivalent distance d0(z0 , z) one can show that (2.12) fails for
any =>0. Alternatively, if F : D  0 is the conformal mapping sending 0 to
z0 then by the conformal invariance of \0 and the explicit formula given
above for \D we see that
|
0
e\0(z0 , z)dz=|
D
(1+|z| )=2
(1&|z| )=2
|F $(z)| 2 dz.
Thus (2.12) holds if and only if
|
D
|F $(z)| 2
(1&|z| )=2
dz<. (2.13)
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Writing F(z)=n=0 anz
n we find that
|
D
|F $(z)| 2
(1&|z| )=2
dz= :

n=0
|an | 2 n2 {|
1
0
r 2n&1
(1&r)=2
dr= .
But,
|
1
0
r 2n&1
(1&r)=2
dr=
1(2n) 1(1&=2)
1(2n+1&=2)
tn&1+=2,
and we see that (2.13) holds if and only if
:

n=0
|an | 2 n1+=2<. (2.14)
By [14, Chap. 5], there are univalent functions F with |F(z)|<1 for |z|<1
for which (2.14) does not hold for any =>0. This completes the proof of
Theorem 2.
Proof of Theorem 3. We first recall the following result from Ban~ uelos
and Carroll [4]. Denote by C0 (0) the space of C-functions with com-
pact support in 0.
Lemma 2.1. Let 0 be a simply connected domain in the plane. Then
|
0
_ 20(z) |u(z)|
2 dz|
0
|{u(z)|2 dz
for all u # C 0 (0).
Lemma 2.1 is equivalent to the statement that
&20_ 20 (2.15)
as a quadratic form inequality where &20 represents the Dirichlet
Laplacian in 0.
By our assumption that lim|z|   d0(z)=0 we have that the closure of
[z # 0 : 1d 20(z)c] is compact in 0 for any positive constant c. By (1.9)
this implies that the closure of [z # 0 : _ 20(z)c] is also compact. Theorem
3 now follows from this, (2.15) and Theorem 8.5 in Davies and Simon [10,
p. 369].
Proof of Theorem 4. Our result will follow easily from the following
Lemma from [11, p. 38].
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Lemma 2.2. Let z # D and Q be the cube centered at z and of radius
dD(z)- m. Then
|{.n(z)|
c
dD(z)
[ sup
z # Q
|.n(z)|+*nd 2D(z) sup
z # Q
|.n(z)|], (2.16)
where c depends only on m.
By (2.16) and Lemma 1.2,
|{.n(z)|
cbn
dD(z)
[ sup
z # Q
.1(z)+*n d 2D(z) sup
z # Q
.1(z)]. (2.17)
Now apply the Harnack inequality to .1 to obtain
|{.n(z)|c(1+*n) bn.1(z)dD(z) (2.18)
and Theorem 4 is proved.
As in Lapidus and Pang [13] we have the following consequence of
Theorem 4.
Corollary 2.1. Let D be an IU domain in Rm, m2. Then for all
(z, w) # D_D and t>0,
|{zPDt (z, w)|cb
2
t4e
&*1 t2ct.1(w) .1(z)dD(z), (2.19)
where c is the constant in (2.18), bt is as in (0.4) and ct=
n=1 (1+*n) e
&*nt2<.
Proof. By the eigenfunction expansion of the heat kernel we see that
|{zPDt (z, w)| :

n=1
e&*n t |{.n(z)| |.n(w)|. (2.20)
However, for all t>0,
|.n(w)|e&(*1&*n) t4bt4.1(w)
and
|{.n(z)|c(1+*n) e&(*1&*n) t4bt4.1(z)dD(z),
by (1.7) and (2.18). Thus
|{zPDt (z, w)|cb
2
t4e
&*1t2ct
.1(z)
dD(z)
.1(w), (2.21)
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where
ct= :

n=1
(1+*n) e&*nt2.
It remains to prove that ct is finite for all t>0. By (0.4),
:

n=1
e&*nt=|
D
PDt (z, z) dze
&*1tbt |
D
(.1(z))2 dz=e&*1tbt
which implies that ct is finite.
Finally, we mention that our arguments above yield analogues of
Theorems 1 and 2 and Corollary 1 with L p replacing L2 for any 0<p<.
To illustrate we simply state the analogue of (i) of Theorem 1. The rest are
the same.
Corollary 2.2. Let 0 be a simply connected domain in the plane which
is IU. Let t0=t(12) as in (0.5) and let 0<p<. Then for any =>0,
sup
z0 # 0 _ |.n(z0)|
p |
0
e(2p&=) \0(z0 , z) |.n(z)| p dz&
c p0 *
p&1
1 e
p*1 t0b pn {|
1
0
r[log(coth(r))] p dr
+(2?)1&=2 |

0
r[log(coth(r))]=2 dr=<,
where c0 is a universal constant.
In the same way our proofs above, ((1.3), (1.17), (2.10) and Lemmas 1.3
and 1.4) give the following pointwise estimates.
Corollary 2.3. (a) Let 0 be a simply connected domain in the plane
which is IU. Then for all (z0 , z) # 0_0,
c0(z0)e&2\0(z0 ,z).1(z0) .1(z)c1e&2\0(z0 ,z) (2.22)
where c0(z0) depends on dD(z0) and c1 is independent of z0 and z.
(b) Let 0 be a simply connected domain in the plane of finite area.
Then for all (z0 , z) # 0_0,
c2(z0)e&2\0(z0 , z).1(z0) .1(z)c3(z0)e&2\0(z0 , z) (2.23)
where c2(z0) and c3(z0) both depend on z0 .
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Other related pointwise bounds for domains of the form D% in Theorem
A, and for more general hornshaped regions in Rm, can be found in [2],
[5], and [6].
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